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Exercise 10

Write out in full in Cartesian coordinates

(a)
∂

∂t
ρv = −[∇ · ρvv]−∇p− [∇ · τ ] + ρg

(b) τ = −µ
[
∇v + (∇v)† − 2

3
(∇ · v)δ

]
Solution

Part (a)

The equation we’re interested in here is the following.

∂

∂t
ρv = −[∇ · ρvv]−∇p− [∇ · τ ] + ρg (1)

Writing out the left-hand side, we get

∂

∂t
ρv =

∂

∂t
ρ

(
3∑

i=1

δivi

)
=

3∑
i=1

δi
∂

∂t
(ρvi) = δ1

∂

∂t
(ρv1) + δ2

∂

∂t
(ρv2) + δ3

∂

∂t
(ρv3).

Writing out each of the terms on the right-hand side, we get

−[∇ · ρvv] = −

( 3∑
i=1

δi
∂

∂xi

)
· ρ

 3∑
j=1

δjvj

( 3∑
k=1

δkvk

)
= −

( 3∑
i=1

δi
∂

∂xi

)
· ρ

 3∑
j=1

3∑
k=1

δjδkvjvk


= −

3∑
i=1

3∑
j=1

3∑
k=1

(δi · δj)δk
∂

∂xi
(ρvjvk)

= −
3∑

i=1

3∑
j=1

3∑
k=1

δijδk
∂

∂xi
(ρvjvk)

= −
3∑

j=1

3∑
k=1

δk
∂

∂xj
(ρvjvk)

= −
3∑

k=1

δk

 3∑
j=1

∂

∂xj
(ρvjvk)


= −

3∑
k=1

δk

[
∂

∂x1
(ρv1vk) +

∂

∂x2
(ρv2vk) +

∂

∂x3
(ρv3vk)

]
= −δ1

[
∂

∂x1
(ρv1v1) +

∂

∂x2
(ρv2v1) +

∂

∂x3
(ρv3v1)

]
− δ2

[
∂

∂x1
(ρv1v2) +

∂

∂x2
(ρv2v2) +

∂

∂x3
(ρv3v2)

]
− δ3

[
∂

∂x1
(ρv1v3) +

∂

∂x2
(ρv2v3) +

∂

∂x3
(ρv3v3)

]
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−∇p = −

(
3∑

i=1

δi
∂

∂xi

)
p

= −
3∑

i=1

δi
∂p

∂xi

= −δ1
∂p

∂x1
− δ2

∂p

∂x2
− δ3

∂p

∂x3

−[∇ · τ ] = −

( 3∑
i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

δjδkτjk


= −

 3∑
i=1

3∑
j=1

3∑
k=1

(δi · δj)δk
∂τjk
∂xi


= −

3∑
i=1

3∑
j=1

3∑
k=1

δijδk
∂τjk
∂xi

= −
3∑

j=1

3∑
k=1

δk
∂τjk
∂xj

= −
3∑

k=1

δk

 3∑
j=1

∂τjk
∂xj


= −

3∑
k=1

δk

(
∂τ1k
∂x1

+
∂τ2k
∂x2

+
∂τ3k
∂x3

)
= −δ1

(
∂τ11
∂x1

+
∂τ21
∂x2

+
∂τ31
∂x3

)
− δ2

(
∂τ12
∂x1

+
∂τ22
∂x2

+
∂τ32
∂x3

)
− δ3

(
∂τ13
∂x1

+
∂τ23
∂x2

+
∂τ33
∂x3

)

ρg = ρ

(
3∑

i=1

δigi

)

=

3∑
i=1

δiρgi

= δ1ρg1 + δ2ρg2 + δ3ρg3.
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Substitute the final forms of each expression into equation (1).

δ1
∂

∂t
(ρv1) = −δ1

[
∂

∂x1
(ρv1v1) +

∂

∂x2
(ρv2v1) +

∂

∂x3
(ρv3v1)

]
− δ1

∂p

∂x1
− δ1

(
∂τ11
∂x1

+
∂τ21
∂x2

+
∂τ31
∂x3

)
+ δ1ρg1

+δ2
∂

∂t
(ρv2) − δ2

[
∂

∂x1
(ρv1v2) +

∂

∂x2
(ρv2v2) +

∂

∂x3
(ρv3v2)

]
− δ2

∂p

∂x2
− δ2

(
∂τ12
∂x1

+
∂τ22
∂x2

+
∂τ32
∂x3

)
+ δ2ρg2

+δ3
∂

∂t
(ρv3) − δ3

[
∂

∂x1
(ρv1v3) +

∂

∂x2
(ρv2v3) +

∂

∂x3
(ρv3v3)

]
− δ3

∂p

∂x3
− δ3

(
∂τ13
∂x1

+
∂τ23
∂x2

+
∂τ33
∂x3

)
+ δ3ρg3

The component of δ1 on the left side must be equal to the component of δ1 on the right side, and
the same is true for the components of δ2 and δ3. Therefore, equation (1) is equivalent to the
following three equations in Cartesian coordinates.

∂

∂t
(ρv1) = −

[
∂

∂x1
(ρv1v1) +

∂

∂x2
(ρv2v1) +

∂

∂x3
(ρv3v1)

]
− ∂p

∂x1
−
(
∂τ11
∂x1

+
∂τ21
∂x2

+
∂τ31
∂x3

)
+ ρg1

∂

∂t
(ρv2) = −

[
∂

∂x1
(ρv1v2) +

∂

∂x2
(ρv2v2) +

∂

∂x3
(ρv3v2)

]
− ∂p

∂x2
−
(
∂τ12
∂x1

+
∂τ22
∂x2

+
∂τ32
∂x3

)
+ ρg2

∂

∂t
(ρv3) = −

[
∂

∂x1
(ρv1v3) +

∂

∂x2
(ρv2v3) +

∂

∂x3
(ρv3v3)

]
− ∂p

∂x3
−
(
∂τ13
∂x1

+
∂τ23
∂x2

+
∂τ33
∂x3

)
+ ρg3

Part (b)

The equation we’re interested in here is the following.

τ = −µ∇v − µ(∇v)† + 2

3
µ(∇ · v)δ (2)

Writing out the left-hand side, we get

τ =

3∑
i=1

3∑
j=1

δiδjτij

=

3∑
i=1

δi

 3∑
j=1

δjτij


=

3∑
i=1

δi(δ1τi1 + δ2τi2 + δ3τi3)

= δ1(δ1τ11 + δ2τ12 + δ3τ13)

+ δ2(δ1τ21 + δ2τ22 + δ3τ23)

+ δ3(δ1τ31 + δ2τ32 + δ3τ33)

= δ1δ1τ11 + δ1δ2τ12 + δ1δ3τ13

+ δ2δ1τ21 + δ2δ2τ22 + δ2δ3τ23

+ δ3δ1τ31 + δ3δ2τ32 + δ3δ3τ33.
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Writing out each of the terms on the right-hand side, we get

−µ∇v = −µ

(
3∑

i=1

δi
∂

∂xi

) 3∑
j=1

δjvj


= −µ

3∑
i=1

δi

 3∑
j=1

δj
∂vj
∂xi


= −µ

3∑
i=1

δi

(
δ1
∂v1
∂xi

+ δ2
∂v2
∂xi

+ δ3
∂v3
∂xi

)
= −µ

[
δ1

(
δ1
∂v1
∂x1

+ δ2
∂v2
∂x1

+ δ3
∂v3
∂x1

)
+ δ2

(
δ1
∂v1
∂x2

+ δ2
∂v2
∂x2

+ δ3
∂v3
∂x2

)
+ δ3

(
δ1
∂v1
∂x3

+ δ2
∂v2
∂x3

+ δ3
∂v3
∂x3

)]
= −δ1δ1µ

∂v1
∂x1
− δ1δ2µ

∂v2
∂x1
− δ1δ3µ

∂v3
∂x1

− δ2δ1µ
∂v1
∂x2
− δ2δ2µ

∂v2
∂x2
− δ2δ3µ

∂v3
∂x2

− δ3δ1µ
∂v1
∂x3
− δ3δ2µ

∂v2
∂x3
− δ3δ3µ

∂v3
∂x3

−µ(∇v)† = −µ

 3∑
i=1

δi

 3∑
j=1

δj
∂vj
∂xi

†

= −µ
3∑

i=1

δi

 3∑
j=1

δj
∂vi
∂xj


= −µ

3∑
i=1

δi

(
δ1
∂vi
∂x1

+ δ2
∂vi
∂x2

+ δ3
∂vi
∂x3

)
= −µ

[
δ1

(
δ1
∂v1
∂x1

+ δ2
∂v1
∂x2

+ δ3
∂v1
∂x3

)
+ δ2

(
δ1
∂v2
∂x1

+ δ2
∂v2
∂x2

+ δ3
∂v2
∂x3

)
+ δ3

(
δ1
∂v3
∂x1

+ δ2
∂v3
∂x2

+ δ3
∂v3
∂x3

)]
= −δ1δ1µ

∂v1
∂x1
− δ1δ2µ

∂v1
∂x2
− δ1δ3µ

∂v1
∂x3

− δ2δ1µ
∂v2
∂x1
− δ2δ2µ

∂v2
∂x2
− δ2δ3µ

∂v2
∂x3

− δ3δ1µ
∂v3
∂x1
− δ3δ2µ

∂v3
∂x2
− δ3δ3µ

∂v3
∂x3
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2

3
µ(∇ · v)δ =

2

3
µ

( 3∑
i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjvj

( 3∑
k=1

3∑
l=1

δkδlδkl

)

=
2

3
µ

 3∑
i=1

3∑
j=1

(δi · δj)
∂vj
∂xi

( 3∑
k=1

δkδk

)

=
2

3
µ

 3∑
i=1

3∑
j=1

δij
∂vj
∂xi

( 3∑
k=1

δkδk

)

=
2

3
µ

 3∑
j=1

∂vj
∂xj

( 3∑
k=1

δkδk

)

=
2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
(δ1δ1 + δ2δ2 + δ3δ3)

= δ1δ1
2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
+ δ2δ2

2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
+ δ3δ3

2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
.

Substitute the final forms of each expression into equation (2).

δ1δ1τ11 + δ1δ2τ12 + δ1δ3τ13 = −δ1δ1µ
∂v1
∂x1
− δ1δ2µ

∂v2
∂x1
− δ1δ3µ

∂v3
∂x1

+δ2δ1τ21 + δ2δ2τ22 + δ2δ3τ23 − δ2δ1µ
∂v1
∂x2
− δ2δ2µ

∂v2
∂x2
− δ2δ3µ

∂v3
∂x2

+δ3δ1τ31 + δ3δ2τ32 + δ3δ3τ33 − δ3δ1µ
∂v1
∂x3
− δ3δ2µ

∂v2
∂x3
− δ3δ3µ

∂v3
∂x3

− δ1δ1µ
∂v1
∂x1
− δ1δ2µ

∂v1
∂x2
− δ1δ3µ

∂v1
∂x3

− δ2δ1µ
∂v2
∂x1
− δ2δ2µ

∂v2
∂x2
− δ2δ3µ

∂v2
∂x3

− δ3δ1µ
∂v3
∂x1
− δ3δ2µ

∂v3
∂x2
− δ3δ3µ

∂v3
∂x3

+ δ1δ1
2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
+ δ2δ2

2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
+ δ3δ3

2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
The component of δ1δ1 on the left side must be equal to the component of δ1δ1 on the right side,
and the same is true for all the other components. Therefore, equation (2) is equivalent to the
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following nine equations in Cartesian coordinates.

τ11 = −2µ
∂v1
∂x1

+
2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
τ12 = −µ

(
∂v2
∂x1

+
∂v1
∂x2

)
τ13 = −µ

(
∂v3
∂x1

+
∂v1
∂x3

)
τ21 = −µ

(
∂v1
∂x2

+
∂v2
∂x1

)
τ22 = −2µ

∂v2
∂x2

+
2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
τ23 = −µ

(
∂v3
∂x2

+
∂v2
∂x3

)
τ31 = −µ

(
∂v1
∂x3

+
∂v3
∂x1

)
τ32 = −µ

(
∂v2
∂x3

+
∂v3
∂x2

)
τ33 = −2µ

∂v3
∂x3

+
2

3
µ

(
∂v1
∂x1

+
∂v2
∂x2

+
∂v3
∂x3

)
Do note that τ12 = τ21, τ13 = τ31, and τ23 = τ32.
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